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Acceleration Schemes for the Discrete Ordinates Method

W. A. Fiveland* and J. P. Jesseef
Babcock and Wilcox, Alliance, Ohio 44601

Discrete ordinates (DO) methods have been developed to solve the multidimensional radiative transport
equation (RTE) for applications including combustion processes and other combined-mode heat transfer
cases. The convergence of DO methods is known to degrade for optical thicknesses greater than unity,
which occur for example in a flame. Acceleration schemes have been developed for use in neutron trans-
port applications, but little work has been done to accelerate convergence of the RTE for radiative heat
transfer applications. This article presents several acceleration schemes for the RTE, including successive
overtaxation, synthetic acceleration, and mesh rebalance methods. Solution convergence is discussed
and demonstrated using two- and three-dimensional examples. Although all methods improve conver-
gence, the mesh rebalance method improves the RTE convergence best. For some conditions, the rebalance
method improves convergence dramatically, reducing RTE iterations by an order of magnitude. However,
the mesh rebalance method fails to produce convergence of the RTE for large optical thicknesses and
fine mesh discretizations. Examples are used to demonstrate that unproved convergence can be obtained
by solving the rebalance equation on a coarser grid, which is determined by regrouping the base RTE
grid, until an optical thickness of near unity is obtained on the coarse grid. Based on these findings, a
general solution strategy is discussed.
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Nomenclature
area, m2

finite volume coefficients
correction factor
incident energy, W/m2

intensity, W/m2-sr
length of domain, m
total number of discrete ordinates directions
number of neighbor nodes
number of space dimensions
inward facing surface normal
heat flux, W/m2

residual norm
position vector, m
source term, W/m3-sr
order of discrete ordinates approximation
volume, m3

direction weights
spatial coordinates, m
relaxation factor
extinction coefficient, K + cr, nT1

operator
emissivity
absorption coefficient, m"1

operator
direction cosines
reflectivity, 1 — e
scattering coefficient, m"1

optical thickness
direction with direction cosines,
albedo, a//B

Subscripts
b

£, rj

= blackbody
= emission
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j = control volume index
k = generic summation index
L = local
/ = lower-order
m - direction
n = nth Sn approximation
p = central control volume index
s = in-scattering

Superscripts
i = iteration
p = predicted value
' = incoming direction
~ = unit vector
out = outgoing
in = incoming

Introduction

IN many combustion devices, such as furnaces and burners,
radiant heat transfer is the dominant mode of heat transfer

and significantly affects the gas and wall temperature distri-
butions. Because reaction rates and density distributions are
closely linked to the local gas temperatures, radiation heat
transfer plays a large role in governing the combustion dynam-
ics. As a consequence, accurate prediction of the performance
of practical combustion devices requires robustly converging
methods for solving the radiative transport equation.

During the last two decades, considerable attention has been
focused on developing solutions of the radiative transport
equation (RTE) applicable to multidimensional geometries.
The relative merits of the various methods have been exten-
sively reviewed elsewhere.1'2 Of these methods, the discrete
ordinates (DO) method has received widespread use for prac-
tical problems.3"8

In the DO method, the RTE is generally solved iteratively.
The contribution of in-scattering is determined with intensities
from the previous iteration. The basic DO method is known
to converge very slowly as the optical thickness increases.2'9
Some applications, including the combustion of fossil fuels,
locally produce optically thick conditions in the flame that in-
hibit DO convergence, often rendering the method impractical.
In addition, if spectral effects are considered and a band
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method10 is applied, a DO strategy is required that is robust.
Discrete ordinates solution methods have been extensively de-
veloped for the neutron transport process. For those applica-
tions, methods have been developed to accelerate the neutron
transport equation, and a review of these acceleration methods
has been presented.9 In contrast, little work has focused on
accelerating solutions of the RTE, except the recent work of
Chui and Raithby,11 in which a mesh rebalance-like equation
was solved implicitly with the RTE.

This article presents several methods of accelerating the con-
vergence of the RTE. These methods include successive over-
relaxation, mesh rebalance, and synthetic acceleration meth-
ods. Solution convergence is discussed and demonstrated using
simple examples in two and three dimensions. The rebalance
method is shown to converge best, but it fails to produce con-
vergence of the RTE for some conditions. An improved strat-
egy is proposed for solving the RTE with mesh rebalance that
yields a robust DO method. A necessary criterion to achieve
convergence is introduced and demonstrated.

Technical Approach
Discrete Ordinates Method

The discrete ordinates method is a general method for solv-
ing the neutron or radiative transport equations. Originally, the
discrete ordinates method was proposed by Chandrasekhar,12

and was later developed for neutron transport applications by
Lathrop and Carlson.13 Subsequently, the method was devel-
oped for radiative heat transfer.3'8 For simplicity, this article
considers gray properties and isotropic scattering. However,
the presented acceleration methods should apply for nongray
conditions and anisotropic scattering.

The general radiative transport equation for a participating
media may be derived by considering the balance of energy
passing in a specified direction fi through a differential vol-
ume, as shown in Fig. 1. For an emitting-absorbing and iso-
tropically scattering medium, the RTE is

(n-V)/(r, 11) = -(/c + (j)/(r, il)

+ •?- 7(r, fit7) dlV + Klb(r) (1)

where 7(r, H) is the radiation intensity, which is a function of
position and direction; and Ib(r) is the intensity of blackbody
radiation at the temperature of the medium.

If the surface is assumed to emit and reflect diffusely, then
the radiative boundary condition for Eq. (1) is given by

7(r, H) = elb(r) -I™ Ja
(2)

n'<o

where Eq. (2) applies for ft-fl > 0. 7(r, H) is the intensity
leaving a surface at a boundary condition location, c is the
surface emissivity, p is the surface reflectivity, and A is the unit
normal vector at the boundary location. Equations (1) and (2)
represent the governing equation and boundary conditions, re-
spectively, for radiative heat transfer.

The numerical solution of the RTE requires discretization of
both angular and spatial domains. Formally, the discrete or-
dinates method only pertains to the angular discretization. In
the discrete ordinates method, the governing RTE is replaced
by a discrete set of equations for a finite number of directions
Ow, and each integral is replaced by a quadrature:

V)7(r, OJ = -/ Klb

(3)

This angular approximation transforms the original integrodif-
ferential equation into a set of coupled differential equations.
Commonly, the weights and directions are based on the Sn

(1.1)

- (0,0)

Fig. 1 Geometry for case 1.

approximation,4'5 which has n(n + 2) discrete directions. Spa-
tial discretization has been accomplished using a number of
variations of the finite volume method.3 ~5>14~16

Iterative Solution Algorithm
Equation (3) is usually solved with an iterative algorithm as

follows:

se

where the operator Tm can be written

(4)

(5)

and the terms on the right-hand side of Eq. (4) are the in-
scattering and emission source terms, respectively.

With an initial guess for the sources, the transport equation
for each ordinate direction is discretized and solved indepen-
dently.3 When the intensities in the domain have been calcu-
lated for each of the directions, sources are updated using these
intensities. One global iteration is defined by a complete sweep
through the space-angle mesh. Global iterations are performed
until convergence is obtained.

With an acceleration scheme, an additional step is intro-
duced. The transport equation is solved to produce a field of
predicted intensities:

Se (6)

These intensities are used to determine predicted estimates of
the sources, S%£1. An acceleration scheme is subsequently used
to correct the in-scattering source to obtain 55,m(7I+1). One ad-
vantage of segmenting the solution into predictor/corrector steps
is to facilitate examining a variety of acceleration methods.

Acceleration Methods
Acceleration schemes have been developed for the neutron

transport equation and include Chebyshev acceleration,17 mesh
rebalance methods,18'19 and synthetic acceleration methods.19'20

Lewis and Miller9 have reviewed the methods as applied to neu-
tron transport applications. Little work has been done for radiative
applications, other than the work of Chui and Raithby.11

Successive Overtaxation
A simple method is successive overrelaxation (SOR) in

which the in-scattering source is advanced by

(7)

where a is the overrelaxation factor and is contained in the
interval 1 < a. < 2.
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Mesh Rebalance
The mesh rebalance method can be formulated using Eq. (3)

summed over all of the ordinate directions:

V •#(/•) + KG(r) = 4iTKlb (8)

This transport equation contains the net flux and incident en-
ergy defined by

/•
7(r,

J41T

/.

G =
J4

da = (9)

A control volume form of Eq. (8) can be written as

(11)

where the <?* are the net fluxes out of the control volume at
face locations:

qk = ~ qk = I «r, H)ft da -
Jrt • O'<0 J* • O'

7*(r,

(12)

The values qk
ui and #in denote the directional fluxes out of and

into the control volume, respectively.
Mesh rebalance associates a correction factor Jj for each

sub volume V,:

_ f 7/M+l- (13)

For the simplest case, base mesh rebalance (BMR), one fac-
tor is applied to each volume; however, factors may also be
applied to coarser grids and/or coarser finite solid angles. The
base mesh rebalance method is also known as the fine mesh
rebalance method.19 With Eqs. (12) and (13), the fluxes in Eq.
(11) are rewritten. Assuming a first-order upstream depen-
dence, the outgoing flux is influenced by the factor Jj, whereas
the incoming flux is influenced by the factor from the corre-
sponding neighbor volume. This leads to a transport equation
in local indices:

(14)

with the coefficients for three-dimensional applications given by

(15)

ak

b = 4lTKlbtpVp

(16)

(17)

At the boundaries, the discrete transport equation adjacent to
the surface is modified. The product of surface reflectance,
incoming heat flux, and area is subtracted from Eq. (15),
whereas the product of the surface emittance, emissive power,
and area is added to the source term, Eq. (17). The system of
equations [Eq. (14)] is solved and sources are updated using
Eq. (13). The effect of the mesh rebalance method is to adjust
the average amplitude of the in-scattering source term in each
control volume to satisfy conservation of radiant energy.

Synthetic Acceleration
Another approach to accelerate the RTE is the technique of

synthetic acceleration,9 in which the RTE is integrated over all
directions II, to obtain

A/d a= 5,
J4ir J4ir

(18)

where the operator is defined, A = F — or. A low-order operator
F/ is introduced to produce

(F, + A - F7)/ da = I se
J4ir J4ir

+ A - r/)7 dO = I Se da (19)

Equation (19) may be rearranged into the following form:

(20)
J47T

This suggests the iterative scheme

iy da = 5, da - (A - r/)/ da
J47T J4ir J4TT

ly '^dftsj sl
eda- I A/*'+ 1dft+I ry^'

J4ir J47r J4ir J4ir

(21)

Since F/ is independent of a, and using Eq. (18), it follows

r,(G'+1 - G*'+1) = A(/' - Ip'i+l) da (22)
J4ir

and finally,

'i+l) = cr(G"'+1 - G') (23)

The low-order operator F/ was chosen to be the PI-approxi-
mation2 defined by

F / = -V-DV + K (24)

with a diffusion coefficient D of units to maintain stability.
The spatially discrete form of Eq. (23) is a symmetric system
and can be solved with any standard equation solver.

Discussion
The basic discrete ordinates method of Fiveland3'4 with a

first-order accurate step approximation was used, since the
method is unconditionally stable, producing only positive in-
tensities. Therefore, any nonconverging solution is a conse-
quence of in-scattering source terms not approaching a limit.
Convergence is defined when the normalized incident energy
residual decreases below 10~5:

l+1 - G'
< 1 X 10" (25)

For isotropic scattering and black walls, this residual is directly
related to the transport residual, and its approach to zero is
both a necessary and sufficient condition for convergence of
the DO equations. Unless otherwise indicated, the 54 ordinate
set was used for all cases. Solutions were initiated by assuming
the in-scattering source terms were zero.

Some computational overhead is required over the standard
DO calculations for each of the acceleration schemes. The
overhead for rebalance and synthetic acceleration schemes re-
sults from the formation and solution of the discrete rebalance
and diffusion equations. These systems of discrete equations
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are linear, and the corresponding matrices are usually M ma-
trices,17 for which good smoothing methods may be found.
Iterative solvers based on multigrid theory are generally most
effective in solving these linear equations. When applied to
elliptic systems, the computational work for multigrid solvers
scales linearly with problem size. Since the work for the base
DO calculations per iteration also scales linearly with problem
size, the percentage of overhead should be largely independent
of spatial discretization. In addition, computational work for
the multigrid solution of the rebalance and diffusion equations
should be a fraction of the work required for standard DO
calculations. Because this article is concerned with gross con-
vergence improvements, convergence comparisons are based
primarily on the number of global iterations through the
space-angle mesh. However, to illustrate the realized efficiency
gain and to prove the hypothesis of fractional overhead, CPU
times with and without rebalance are given later for one of the
cases.

Basic Acceleration Schemes
The convergence characteristics of the discrete ordinates

method were studied for several enclosures. Case 1 considers
radiative heat transfer in a two-dimensional, rectangular enclo-
sure (x/L = 1, ylL =1) with a purely scattering and cold me-
dium, enclosed by black and cold walls, except for the wall at
y = 0, which has an emissive power of unity.3'21 The geometry
is shown in Fig. 1.

Figure 2 presents the convergence characteristics of case 1
for several acceleration methods over a wide range of optical
thicknesses. Results are presented using a 5 X 5 discretization
of the RTE. The BMR method clearly indicates improved con-
vergence over the entire range of scattering coefficients. This
is somewhat surprising, since the neutron literature19'20 indi-
cates the synthetic acceleration should have more promise.
However, the RTE has more complex boundary conditions that
could affect the convergence history. The improvements in
RTE convergence using BMR might suggest the rebalance
method is as effective for any discretization of the RTE. This
is not the case, as shown later.

The results shown in Fig. 2 for the BMR method are very
similar to those presented by Chui and Raithby11 using their
implicit acceleration method. This is not surprising since this
implicit method is conceptually identical to the BMR scheme
of Reed.19 In addition, both schemes may be interpreted as
non-Galerkin projection methods (see also Ref. 19).

Table 1 lists the iterations required for convergence of the
case 1 geometry, using a 5 X 5 mesh and the SOR method.
For optical thicknesses r of two or below, an optimal relaxa-

Table 1 Iterations required for convergence of case 1
with SOR and a 5 X 5 grid

T = crL

200

150

CO

Q
t 100

50

None
Rebalance
Synthetic Diffusion/
SOR (1.6)

5x5 Grid

a

1.0
1.2
1.4
1.6
1.8
2.0

0.5
11
8
9
12
20
44

1.0
16
13
10
10
15
25

2.0
27
22
18
16
13
15

5
61
51
44
38
34
31

10
121
102
89
78
70
63

20
243
206
179
159
143
129

200

150

CO
O
fc 100

50

None
Rebalance
Synthetic Diffusion
SOR (1.6)

5x5x5 Grid

OPTICAL THICKNESS
Fig. 2 Iterations required for convergence of case 1 (two-dimen-
sional geometry).

OPTICAL THICKNESS
Fig. 3 Iterations required for convergence of case 2 (three-di-
mensional geometry).

tion factor exists that produces near-rebalance performance,
although not quite as good. As optical thicknesses increase,
the DO method converges very poorly with SOR compared to
base mesh rebalance.

With the radiative conditions and geometry of case 1 as a
basis, the convergence characteristics of the DO method were
examined for a range of scattering albedos CD from 0.1 to 1.0.
The limit of an albedo of zero was not studied, since conver-
gence of the RTE can be found in a single iteration and an
acceleration scheme is not needed. The basic DO method with
synthetic acceleration and successive overrelaxation methods
converges better as the albedo decreases, but the number of
iterations for convergence is still unsatisfactory, 100 iterations
or more to converge for many optical conditions. The BMR
method consistently converges the RTE in less than 10 or 11
iterations for the range of albedo studied.

In case 2, convergence characteristics were studied for a
three-dimensional enclosure (x/L = 1, ylL = 1, zIL = 1), with
a cold, purely scattering medium, surrounded by radiatively
black and cold walls, except for the wall at y = 0, which has
an emissive power of unity. Figure 3 presents the convergence
characteristics of case 2 for several acceleration methods over
a wide range of scattering coefficients. Results are presented
using a 5 X 5 X 5 discretization of the RTE. The results are
similar to case 1. The rebalance method shows the best con-
vergence and generally exhibits improved convergence over
the entire range of optical thicknesses.

Because the mesh rebalance method shows promise over the
range of optical thickness encountered in many RTE applica-
tions, the remaining discussion is focused on that method. To
investigate the scaling efficiency of the BMR method, case 1
was reanalyzed with spatial discretizations ranging from 4 X
4 to 100 X 100. The iterations required for convergence are
presented in Fig. 4. The results indicate that for coarse dis-
cretizations, good convergence can be achieved for a wide
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Iterations

100x100
80x80^

60x6Cf
40x40'

10 20 50 100

Optical
Thickness

Fig. 4 Iterations for convergence of case 1 with base mesh re-
balance. (Iterations above 200 are not shown.)

range of optical properties. However, the rebalance method
fails as the discretization becomes finer and the optical thick-
ness is above unity. The problems in converging the RTE as
the scattering coefficient increases are well known, since there
is loss of the spatial derivative in singular perturbation par-
lance.22 The results are perplexing; fine meshes are needed to
obtain solution accuracy, but at the same time, these meshes
destroy the utility of the rebalance method. An alternative
mesh rebalance scheme is now proposed.

Coarse Mesh Rebalance Scheme
In an attempt to improve convergence for fine spatial dis-

cretization, the coarse mesh rebalance (CMR) method is ap-
plied. The method is identical to the BMR method, except that
a coarser mesh is used for the rebalance equation than for the
RTE. This approach is an attempt to average the components
of the error in the source term of the RTE over a larger spatial
region.

The influence of the CMR scheme for case 1 is displayed
in Figs. 5a and 5b. Results are shown for optical thicknesses
of 10 and 20 and RTE grids ranging from 20 X 20 to 100 X
100. For each RTE grid, a variety of rebalance meshes are
considered. The rebalance meshes are obtained by grouping
the volumes of the RTE grid in blocks of 1 X 1 to 10 X 10.
The 1 X 1 grouping corresponds to the base mesh rebalance
scheme. Surprisingly, the best convergence does not always
occur for the BMR method (i.e., rebalance on the base grid).
One interesting feature of Figs. 5a and 5b is that the best con-
vergence is obtained for an RTE discretization when the re-
balance grouping produces a local optical thickness near
unity; e.g., 20 X 20 RTE grid, crof 10, and rebalance grouping
of 2 X 2 yielding TL = 0.05(10)2 = 1. Figure 6 shows the
rate of convergence for several different rebalance grids.
The maximum rate of convergence clearly occurs when the
local optical thickness is near unity. This leads next to a strat-
egy to achieve optimum convergence for a set of optical
properties.

Adaptive Rebalance Scheme
As observed in Figs. 5a and 5b, the effectiveness of the

mesh rebalance method is largely dependent on the grid size,
global optical thickness, and coarseness of the rebalance mesh.
From an empirical viewpoint, the success of the method may
be correlated against the local optical thickness of the rebal-
ance mesh as shown in Fig. 7. The optimal rebalance mesh
has a local or cell optical thickness slightly above unity.
Little guidance, either theoretically or empirically, has been
given in literature for the selection of the optimal rebalance
mesh.

The theoretical explanation for the previous observations
may be found in the field of multigrid or multilevel methods.
These methods differ from conventional methods, because they
resolve different components of error in the iterative solution

Iterations

100x100
'80x80

'60x60
40x40

'20x20
2x2 3x3 4x4 5x5 10x10

Grid Grouping

Grid
Size

Iterations

250
200
150
100
50
0

b)

2x2 3x3 4x4 5x5 10x10

Grid Grouping

100x100
'80x80

'60x60
'40x40

'20x20
Size
Grid

Fig. 5 Iterations required for convergence of case 1 with coarse
mesh rebalance method, r = a) 10 and b) 20. (Iterations above
200 are not shown.)

Rebalance grouping
1x1 (v»0.5)
2x2(TL-1.0)

- ——— 4x4 (v-2)
-——— 10x10 (iL=5)
- - - - NoAccel.

20 30 40

ITERATION

50

Fig. 6 Rebalance convergence history of case 1 for several coarse
meshes.

by using a variety of computational levels or grids. High-fre-
quency error is resolved using a fine grid, whereas low-fre-
quency error is resolved using a coarse grid. The detailed the-
ory is beyond the scope of this article, but may be found in
Refs. 23-26.

Interestingly, the mesh rebalance method may be considered
a member of the general family of multilevel methods, al-
though the advent of the mesh rebalance method predates the
pioneering multigrid work of Brandt23 by over a decade. The
BMR method corresponds to a two-level multigrid scheme: 1)
the fine grid corresponding to the standard space-angle mesh,
and 2) the coarse grid corresponding to the base spatial mesh
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200

20x20 10
40x40 10
80x80 10
20x20 20
40x40 20
80x80 20

CELL OPTICAL THICKNESS

Fig. 7 Rebalance convergence correlated with cell optical thick-
ness.

and a collapsed angular mesh. The angular coarsening reduces
M degrees of freedom per control volume to just one. This
differs from the standard multigrid concept: the angular rather
than the spatial discretization is coarsened.

The effectiveness of the BMR method for local optical thick-
nesses greater than unity may be explained from a multigrid
perspective. For these cases, the in-scattering terms are domi-
nant in the discrete equations: the angular coupling is stronger
than the spatial coupling. Consequently, the standard block it-
erative solution procedure that individually considers each di-
rection converges slowly because of the inability to resolve spa-
tial error (here, error indicates the difference between the current
estimate and the final numerical solution). The solution propa-
gates slowly across the spatial mesh because of the dominance
of the explicitly treated in-scattering source terms. The BMR
method accelerates the solution by effectively propagating the
solution across the domain, resolving all components of spatial
error. The angular error is effectively resolved using the standard
sweeping scheme3'4 for the discrete RTE through the complete
space-angle mesh.

As noted in Fig. 4, the effectiveness of the BMR scheme
degrades as the cell optical thickness decreases (e.g., when the
spatial grid is refined). For coarse base meshes, the local op-
tical thickness is large, and the rebalance method is effective
as described in the previous paragraph. However, for finer
meshes, the local optical thickness is relatively small, even
though the global optical thickness is large. The local spatial
coupling is stronger than the angular coupling. Consequently,
the basic sweeping procedure of the discrete RTE through the
space-angle mesh is effective in resolving high and moderate
frequency spatial error, but still cannot extinguish low-fre-
quency spatial error. The BMR method attempts to resolve this
low-frequency spatial error. Unfortunately, the rebalance
overly corrects the solution, destroying the local balances ob-
tained with the basic sweeping scheme for the discrete RTE
through the space-angle mesh.

The previous problem for fine meshes is circumvented by
resorting to a CMR scheme in which blocks of control volumes
are corrected together. The CMR scheme effectively removes
the low-frequency spatial error, while leaving the local bal-
ances basically untouched. Angular and high and moderate
frequency spatial errors are resolved using the basic sweeping
scheme for the discrete RTE.

The previous discussion suggests that the optimal rebalance
method should be based on a coarse mesh that removes com-
ponents of error with spatial frequencies lower than those that
may be removed via the basic sweeping process. Empirically,

such a coarse mesh was found to yield a local optical thickness
of slightly above unity. Theoretically, the value of unity repre-
sents a balance between spatial and angular coupling. An au-
tomated scheme was devised to select the coarse mesh such that
the coarse volumes have optical thicknesses between 1 and 2.
The optical thickness of a coarse volume was defined as

rL=2NL (i-VH (26)

where the integrals are over the volume and surface area of
the coarse volumes, respectively, and ND is the dimension of
the problem (2 for two-dimensional and 3 for three-dimen-
sional). In the implementation, fine volumes were added to a
coarse volume until Eq. (26) was greater than 1.

To test the adaptive rebalance scheme, case 1 was revisited
for a number of scattering coefficients and grid discretizations.
Convergence results are shown in Fig. 8. As seen in this figure,
the adaptive scheme effectively accelerates convergence for
the entire range of global optical thickness and spatial dis-
cretizations. These results contrast the unreliable convergence
of the BMR method as shown in Fig. 4. Although this is a
fairly simple example (uniform grid and homogeneous prop-
erties), it illustrates the utility of the adaptive rebalance
scheme.

For practical combustion problems, optical properties are
generally nonhomogeneous and cell aspect ratios may become
large. The previous adaptive scheme should greatly increase
the robustness of standard solution process; but nevertheless,
refinements in the adaptive scheme may be required to provide
excellent performance displayed in Fig. 8. We suggest the gen-
eralization of the previous scheme in terms of algebraic mul-
tigrid theory.27 This is an area of future research.

Sensitivity to Approximation Order and Emittance
All previous results have been based on the step spatial dif-

ferencing scheme and the 54 angular approximation. To inves-
tigate the sensitivity of the adaptive rebalance scheme to higher
spatial and angular differencing orders, case 1 was reanalyzed
using the diamond difference (DD) scheme and a variety of Sn
approximation orders. Figure 9 displays the convergence history
for a 20 X 20 grid and scattering coefficient of 10. Results with
no acceleration are also included for reference. The convergence
histories for the various approximation orders are nearly iden-
tical, indicating little sensitivity of the rebalance scheme to ei-
ther spatial or angular differencing orders.

Lastly, the impact of surface emittance on convergence was
studied using the case 1 geometry. Table 2 shows the results
for a 20 X 20 grid with and without rebalance acceleration.
Both iterations and total CPU time are listed. Solution con-
vergence is poor without rebalance and worsens as emittance
decreases. In contrast, excellent convergence is obtained for

Iterations

50 100
Optical
Thickness

Fig. 8 Revised convergence of case 1 using adaptive rebalance
method.
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Table 2 Convergence and timing statistics for case 1
with and without adaptive rebalance (20 x 20 grid, cr = 10)

No acceleration With rebalance
Iterations CPU time, s Iterations CPU time, s

0.1
0.3
0.5
0.7
0.85
1.0

804
351
247
201
180
166

23.89
10.30
7.37
5.96
5.38
4.89

31
21
18
17
17
17

1.32(20%)a
0.85 (20)
0.72(15)
0.68 (18)
0.65 (20)
0.64(17)

aThe value in parentheses denotes rebalance overhead, percent of total CPU
time (with HP 9000/755 workstation) used to formulate and solve the rebalance
equations.

S"
c/5
LLJ

cco 10'3

10° -

S4 Step Adaptive
S4DD Adaptive
S2 Step Adaptive
S6 Step Adaptive
S4 Step No accel.

20x20 Grid
a=10

10 20 30

ITERATION

40 50

Fig. 9 Sensitivity of adaptive scheme to spatial and angular ap-
proximation order.

the full range of surface emittance when rebalance is applied.
An order of magnitude improvement in iterations and CPU
time is provided. In addition, the previous supposition of frac-
tional overhead required by the rebalance scheme is validated
(see values in parentheses in Table 2). These results indicate
that the convergence characteristics of the rebalance scheme
are generally insensitive to surface emittance when the accel-
eration method is consistently applied.

Conclusions
This article presents several acceleration schemes for the

RTE, including successive overtaxation, and synthetic accel-
eration and mesh rebalance methods. Solution convergence is
discussed and demonstrated using simple examples in two and
three dimensions. All methods show some degree of improved
convergence. The mesh rebalance method is shown to con-
verge best, but it fails to produce convergence of the RTE for
large optical thicknesses and fine discretizations. Convergence
can be dramatically improved by solving the rebalance equa-
tion on a coarser grid, which is determined by regrouping the
base RTE grid until an optical thickness of near unity is ob-
tained on the coarse grid. A general grouping strategy for prop-
erty variations will be addressed in future work. Future re-
search should also address use of the methods for nongray and
anisotropic scattering applications.
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